TOPOLOGICAL PRESSURE FOR SUB-ADDITIVE POTENTIALS 
OF AMENABLE GROUP ACTIONS 



BINGBING LIANG AND KESONG YAN 

Abstract. The topological pressure for any sub- additive potentials of a count- 
able discrete amenable group action and any given open cover is defined. A local 
variational principle for the topological pressure is established. 



1. Introduction and main result 

Entropies are fundamental to our current understanding of dynamical systems. 
The classical measure-theoretic entropy for an invariant measure and the topological 
entropy were introduced in |2T] and [1] respectively, and the classical variational 
principle was completed in [TTl [12]. Since then a subject involving to define new 
measure-theoretic and topological notations of entropy and study the relationship 
between them has gained a lot of attention in the study of dynamical systems. 

Topological pressure is a generalization of topological entropy for a dynamical 
system. The notion was first introduced by Ruelle [2S] in 1973 for an expansive 
dynamical system and later by Walters [21] for the general case. The variational 
principle formulated by Walters can be stated precisely as follows: Let {X, T) be a 
topological dynamical system, where X is a compact metric space and T : X ^ X 
is a continuous map, and / : X — )■ M is a continuous function. Let P(T, f) denote 
the topological pressure of / (see [30]). Then 

(1.1) P(T,/) = sup |/i^(T) + j fdfi:fieM{X,T) 

where Ai {X, T) denotes the spaces of all T-invariant Borel probability measures on 
X and h^{T) denotes the measure-theoretic entropy of /i. 

The theory related to the topological pressure, variational principle and equilib- 
rium states plays a fundamental role in statistical mechanics, ergodic theory and 
dynamical systems (see, e.g., the books [3 [HI [271 ISO]). Since the works of Bowen [6] 
and Ruelle [28], the topological pressure has become a basic tool in the dimension 
theory related to dynamical systems. In 1984, Pesin and Pitskel [25] defined the 
topological pressure of additive potentials for non-compact subsets of compact met- 
ric spaces and proved the variational principle under some supplementary conditions. 
In 1988, Falconer [S] considered the thermodynamic formalism for sub-additive po- 
tentials for mixing repellers. He proved the variational principle for the topological 
pressure under some Lipschitz conditions and bounded distortion assumptions on 
the sub-additive potentials. In 1996, Barreira p] extended the work of Pesin and 
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Pitskel. He defined the topological pressure for an arbitrary sequence of contin- 
uous functions on an arbitrary subset of compact metric spaces, and proved the 
variational principle under a strong convergence assumption on the potentials. In 
2008, Y. Cao, D. Feng and W. Huang [7] generalized Ruelle and Walters's results 
to sub-additive potentials in general compact dynamical systems. 

Since notions of entropy pairs were introduced in both topological [3] and measure- 
theoretic system |4j, much attention has been paid to the study the local variational 
principle of entropy. Recently, Kerr and Li introduced various notions of indepen- 
dence and give a uniform treatment of entropy pairs and sequence entropy pairs 
[T^ [20] . An overview of local entropy theory can see the survey paper [TU] . In 2007, 
to study the local variational principle of topological pressure, W. Huang and Y. 
Yi JTU\ introduced a new definition of topological pressure for open covers. They 
proved a local variational principle for topological pressure for any given open cover. 

In this paper, we generalize Huang- Yi's results to dynamical systems acting by 
a countable discrete amenable group. Let (X, G) be an amenable group action dy- 
namical system. We define the local topological pressure for sub-additive potentials 
J-" = {fE}E€j^{G) and set up a local variational principle between the topological 
pressure and measure-theoretical entropies. 

Now we formulate our results. Throughout the paper, we let {X, G) be a G- 
system, where G is a countable discrete amenable group and X is a compact metric 
space. A sub-additive potential on {X,G) is a collection J-" = {/s}£;eJ"(G) of 
continuous real valued function on X satisfies the following conditions: 

(CI) fEurix) < fE{x) + frix) for all x e X and all E n F = 0, F G J^(G'); 

(C2) fEg{x) = fE{gx) for all X e X, g eG and E e J^(G'); 

(C3) C = sup sup ifEix) - fEU{g}{x)) < OO. 
E£F{X) x£X,geG 

As a main result, we obtain the following local variational principle. 

Theorem 1.1. (Local variational principle) Let (X, G) be a G-system, U E C°x 
and T = {fE}EeT{G) sub-additive potential on (X, G). Then 

(1.2) P(G,^;W)= sup {h,,{GM)+J'M} 

iieM{X,G) 

and the supremum can be attained in A^^(X, G), if one of the following conditions 
holds: 

(1) G is an Abelian group; 

(2) is strongly sub-additive, i.e. fEuF + fEnF ^ fE + fp for all E,F E F{G). 
In particular, if / is a continuous function on X, then 

T=\fE = J2f°9--EeTiG)\ 

I geE J 

satisfies the condition (2) in Theorem 1.1. In this case, write P(G, /; U) = P{G, J-"; U), 
we can get 
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Corollary 1.2. Let (X, G) be a G-system, U e C°x and f G G{X), then 



P{GJ-M)= sup lh^{GM)+ / /d/i 
^JieM{x,G) L Jx 

and the supremum can be attained in J^'^{X,G). 

The paper is organized as follows: in section 2, we recall some knowledge about 
amenable group, and the definition and basic properties of local measure-theoretic 
entropy for amenable group action. Moreover, we introduce the local pressure for 
a sub-additive potential. In section 3, we provide some useful lemmas and prove 
Theorem 1.1. In section 4, we give a nontrivial example of sub-additive potential. 

2. Pressure of an Amenable Group Action 

2.1. Backgrounds of a countable discrete amenable group. Let G be a count- 
able discrete infinite group and J-'{G) the set of all finite non-empty subsets of G. A 
tile T C G is a finite subset that has a collection of right translates that partitions 
G, i.e., there is a set C C G of tiling centers such that {Tc : c G G} form a disjoint 
family whose union TG is all of G. Note that T G J^{G) is a tile of G if and only if 
any A G J^{G) can be covered by disjoint right translates of T. 

A group G is said to be amenable if for all e > and all K G J^{G), there exists 
F G J'(G) such that 

\FAKF\ 

Observe that a countable group is amenable if and only if there is a sequence 
{-fn}nGN ^ J^{G) such that 

\KFnAFr,\ ^ 

lim ■ ; = 

n^oo \F„ 



n I 



for all K G J-'{G). Such a sequence is called a F01ner sequence of G (see [9]). For 
a more complete description of this class of groups see, for example, |T3] or [23]. 

It is well known that the class of amenable groups contains all finite groups, 
Abelian groups, it is closed by taking subgroups, quotients, extensions and inductive 
limits. All finitely generated groups of subexponential growth are amenable. A basic 
example of a nonamenable group is the free group of rank 2. 

Cyclic groups have F(^lner sequences of tiling sets, and it can build up form 
them to show that all solvable groups, finite extensions thereof, increasing unions, 
etc., in brief the so-called class of elementary amenable groups, all have F01ner 
sequences of tiling sets. In particular, all Abelian group have tiling F01ner sequences. 
Unfortunately it is an open problem that whether all countable discrete amenable 
groups have F01ner sequences of tiling sets [23]. 

Let / : J^{G) — )■ R be a function. We say that / is 

(i) monotone, if f{E) < f{F) for any E,F e J^{G) with E C F; 

(ii) non-negative, if f{F) > for any F G J-'{G); 

(iii) G-invariant, if f{Fg) = f{F) for any F G J^(G) and g e G; 

(iv) sub-additive, if f{E U F) < f{E) + f{F) for any F G -F(G); 
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(v) strongly sub-additive, if f{E U F) + f{E n F) < f{E) + f{F) for any 
E,F e J^{G). 

The following limit theorem for invariant sub-additive functions on finite subsets 
of amenable groups is due to Ornstein and Weiss (see [lll|22l[23]). It plays a central 
role in the definition of some dynamical invariants such as topological entropy and 
measure-theoretic entropy. 

Lemma 2.1. (Ornstein- Weiss) Let G be a countable amenable group. Let f : 
J^{G) — 7- M 5e a monotone non-negative G-invariant sub-additive function. Then 
there is a real number A = X{G, /) ^ dependent only on G and f such that 

n->-oo I Fn I 

for all F(f)lner sequence {Fn}n<m of G. 

Remark 2.2. (1) If / is also strongly sub-additive, then 

n^-oo \Fn\ F£F{G) \F\ 

(2) If G admits a F01ner sequence of tiling sets, then 

n->-oo \Fn\ "GN \Fn\ 

and the value of the limits is independent of the choice of such a F^lner sequence. 
For details can see 



2.2. Topological pressure for sub-additive potentials. Let {X, G) be a G- 

system. Denote by Bx the collection of all Borel subsets of X. Recall that a cover 
of X is a family of Borel subsets of X whose union is X. An open cover is one 
that consists of open sets. A partition of X is a cover of X consisting of pairwise 
disjoint sets. We denote the set of finite covers, finite open covers and finite partition 
of X hy Cx, Cx and Vx, respectively. Given two covers U,V E Cx, is said to be 
finer than V (denoted by W ^ V) if each element of U is contained in some element 
of V. Let U y V = {U nV : U e U,V e V}. Given F e J^{G) and U e Cx, set 
l^F = \lg^F9-'U (letting We = {X}). 

We now define the topological pressure of sub-additive potential F relative an 
open cover. For E G J^{G) and U G C^, we define 



Pe{G, 7-M)-= inf \ V sup e-' 



Jb(.x) : V g and V ^ W£ 

For V G Cx, we let a be the Borel partition generated by V and define 

(2 1) P*fV) — \ B " ^ ^'^'^ eQ.&^ atom of fi is the union of 1 

1^ ' some atoms of a. J ' 

Note that P*(V) is a finite set. Following the idea of Huang- Yi (see [TB| Lemma 
2.1]), we have the following result. 
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Lemma 2.3. For E G J^{G) and U G Cx, we have 
(2.2) Pe{T,F-U) = mini ^ sup e^^(^') : (3 G V*{Ue) 

Lemma 2.4. The following hold: 

(1) K = supj^^^ ■.xeX,Ee F(G)} < oo; 

(2) Set Q = {fsix) + C\E\ : E G F{G),fE G J-"}, then Q is a monotone non- 
negative sub-additive function. If F is strongly sub-additive, then Q is also strongly 
sub-additive. 

Proof. It easily follows from conditions (CI), (C2) and (C3). □ 

It is not hard to see that E G J^{G) ^ \og Pe{G, G,U) is a monotone non-negative 
G-invariant sub-additive function. By Lemma 2.1, 

lim ^ log Pe„{G,F;U) = lim ^logPE^{G,g;l() - C 



n— >cxD 



is independence of the choice of the F01ner sequence {-FnjneN- Define the topolog- 
ical pressure of F relative to U as 

(2.3) P{G,F;U) := lim ^ logP^„(G,^;W), 

where {-F„}„eN is a F01ner sequence of G. The topological pressure of F is 
defined by 

(2.4) P{G,J^) := sup P{G,F;U) 

For a G-invariant Borel probability measure /i, denote 

F^ifj.) := lim / fpndfi, 



n— >oo 



where {-FnjneN is a F(^lner sequence. The existence of the above limit follows from 
conditions (CI) and (C2). We call J^*(/i) the Lyapunov exponent of F with 
respect to fi. 

2.3. Measure-theoretic entropy. Recall the basic definitions (see [17] for details). 
Let Ai{X), Ai{X,G) and Ai'^{X,G) be the sets of all Borel probability measures, 
G-invariant Borel probability measures on X and G-invariant ergodic measures, on 
X, respectively. Note that amenability of G ensures that Ai{X,G) ^ and both 
Ai {X) and Ai {X, G) are convex compact metric spaces when endowed with the 
weak*-topology; M''{X,G) is a Gs subset of M{X,G). 
Given a, /3 G Vx and fi G A^(X), define 

^M(") = 5^-M^)logM^) and H^{a\/3)=H^{aV /3)-H^{/3). 

One standard fact is that if^(a|/3) increases with respect to a and decreases with 
respect to (3. When fi G A^(X, G), it is not hard to see that P G J-'{G) i— i- H^^ap) 
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is a monotone non- negative G- invariant sub-additive function for a given a G Vx- 
The measure-theoretic entropy of relative to a is defined by 

(2.5) h^[G,oi) = XiYo. -^E^[ap^) = inf ^E^iap), 

n-s>oo \rn\ F<=F{G) \r \ 

where {Fn}ngN is a F01ner sequence of G. The last identity follows from the fact that 
Hh{oif) is strongly sub-additive (see [T71 Lemma 3.1]). The measure-theoretic 
entropy of fi is defined by 

(2.6) K{G,X) = sup h^{G,a). 

a&Vx 

For a given U E Cx, W. Huang, X. Ye and G. Zhang (see [T7]) introduced the 
following two types of measure-theoretic entropies relative to U as 



where 



h~{G,U) ■■= t^H^{Uf„) and h+{G,U) ■= inf K{G,a) 



HM := inf H,{a). 

a>:U,aeVx 



Remark 2.5. (1) It is not hard to see that hj^{G,U) < h^{G,U). Moreover, Huang- 
Ye-Zhang (see [17] Theorem 4.14]) proved those two kinds of measure-theoretic 
entropy are equivalent, thus, we denote by 

h,iG,U) = h^iG,U)- 

(2) For /i e M(X, G), the following holds (see [IT]): 

h^{G,X) = sup h^iGM)- 

Lemma 2.6. (Ergodic decomposition of local entropy, [17]) LetU G Cx and 

E Ai {X, G) . The local entropy function h. {G, lA) is upper semi- continuous and 
affine on J^{X,G), and 



h^{GM)= I heiG,U)dm{e), 

JM^iX.G) 



lM''{X,G) 

where 1^=1 9dm(9) is the ergodic decomposition of fx. 

Jm<'{x,g) 

3. A LOCAL VARIATIONAL PRINCIPLE OF TOPOLOGICAL PRESSURE 

In this section, we mainly prove a local variational principle of topological pressure 
for sub-addition potentials. 

3.1. Some Lemmas. Now we give some lemmas which are needed in our proof of 
Theorem 1.1. The first lemma is an obvious fact and we omit the detailed proof. 

Lemma 3.1. Let T G J^{G) he a tile of G and {Fn}n&i o F0lner sequence. For 

each n G N, let Cn be the tiling center of Fn relative to T, i.e., Fn C |J^g^ To and 
TcnFny^d) for all c G C„, then 

lim ^ , = 1. 



n—^oo 
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Lemma 3.2. Let f : J-{G) — >■ IR &e a non-negative monotone strongly sub-additive 
function, m,k eN, E, F, B,Ei, - ■■ ,Ek e J^{G). Then 

(1) // Mg) = ^ Ell ^eM holds for each g e G, then f{E) < ^ ELi f{Ei); 



(2) IfK^ sup{^ : E e J-(G')} < oo, then 

m<Y,^J{Bg)-rK.\F\Ap,B\, 



\B\ 

where, Af,b = {g e G : B'^g C F}. 

Proof (1) Clearly, Uti = E. Set {Ai, ■ ■ ■ , ^4 = \l\^^{Ei, E \ E^} (neglecting 
all empty elements). Set Kq = Ki = IJj=i^i) = ' ' Then ^ = Kq C. 
Ki - ■ ■ C Kn = E. Note that if for some i = 1, • • • , n and j = 1, - ■ ■ ,k with 
Ej n (i^i \ K,_i) 7^ 0, then \ Ki_i C E^-, and so Ki = K^.i U {Ki n E^). By 
strongly sub-additive of /, we have f{Ki) + /(i^i-i n Ej) < /(i^i-i) + f{Ki n Ej), 
i.e., 

/(i^,) - < f{K, n E,) - f{K,^, n E,). 

Now for each i = 1, ■ • ■ , n, wc pick ki E Ki \ Ki_i, one has 



n / k \ 

k 



j=l l<i<n 
k 

J = l l<i<n 
fc^ e Ej 

^ - E E(/(^^ n - /(^-i n ^^)) = - E /(^^O' 
j=i j=i 

(2) Note that for each Z e G, we have l{heBF:B-ihCF}{l) = jh\ ^geF '^{heBg:B-^hCF}{l)- 
Using (1), we can get 

/ {{h e BE : B-'h CF})<jL \2f{{heBg: B^'h C F}) < jL j^ f(Bg), 

' ' geF I I geF 

which implies 

f{F) < f{{heBF:B-^hCF})+f{F\{heBF:B-^hCF}) 
^ T^J2f(^9) + \F\{heBF:B-'hCF}\-K 



\B\ 
1 



geF 

±J2fiB9) + K.\F\Aj.,B\. 
geF 

The lemma is proved. □ 
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Lemma 3.3. Let {X, G) be a zero- dimensional G -system, fi G Ai{X, G), T is a sub- 
additive potential andU G C^. Assume that for some K Efi, {ai}f^^ is a sequence 
of finite clopen (close and open) partitions of X which are finer that U. Then for 
each E G T{G), there is a finite subset Be of X such that each atom of {ai)E, 
/ = 1, ■ ■ ■ ,K, contains at most one point of Be, and J2xeBE s-^^*-^^ > Pe{g^,u) ^ 

Proof. The proof follows completely from that of [Ml Lemma 4.4] and is omitted. □ 

Let (X, G) and {Y, G) be two G-systems. A continuous map vr : X — )■ F is called a 
homomorphism or a factor map from (X, G) to (F, G) if it is onto and irog = go% 
for all g & G. (X, G) is called an extension of {Y, G) and {Y, G) is called a factor 
of (X, G). If TT is also injective then it is called an isomorphism. 

Lemma 3.4. Let n : (X, G) — )■ {Y,G) be a factor map, T = {/s}_EeJ^(G) ^ C{Y) 
satisfies conditions (CI), (C2) and (C3). Let ji G M.{X,G), u = -Kji, a G Vy and 
U eC^. Then 

(1) h^{G,Ti-\a)) = K{G,a); 

(2) P(G, o tt; Ti-^U) = P{G, 7; U); 

Proof. (1) It is an obvious fact. 

(2) Let {-F^jngN be a F01ner sequence of G. Fix an n G N. If V G Cy with 
V ^ then vr-^V G Cx and -r-^V >z {tt-^U)f„. Hence 

^supe^^"(^) = sup e^^"°"(") > Pp'„(G, o tt; vr-^W). 

Since V is arbitrary, we have that Pf,XC, J^'M) > PpniGi-^ ° 7i~^U). 
Conversely, we note that 

PfJG, J^on; -R-^U) = min i V sup e-^^-^^'^ 

Let 13 G V*{{tt-^U)fJ, then 7r(/3) G Cy, 7r(/3) ^ Uf„, and thus 

^supe^^"°"(^) = J2 sup e-^^"(^) > PfAG,J^;K). 

Since /3 is arbitrary, Pf„{G,J-'ott]7i^^U) > Pf„{G, J-';U). 

Above all, Pp„ (G, J-" on; n^^ oU) = Pf^ (G, J-"; W) for each n G N, from which the 
lemma follows. □ 

For a fixed U = {Ui, ■ ■ ■ , Um} G C^, we let 

W = {{A,, ■ ■ ■ ,Am} eVx : Am <^ Um : I < m < M} . 

The following lemma will be used in the computation of H^(U) and h^{T,U) (see 
Lemma 2] for detail). 



Lemma 3.5. Let H : Vx — t- M &e monotone in the sense that H{a) > H{(5) 
whenever a ^ p. Then 

inf H(a) = inf H(a). 
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Lemma 3.6. Let {X, G) be G-system, where G is a Ahelian group. Suppose {i'n}'^=i 
is a sequence in Ai{X) and is a tiling F(f)lner sequence of G. We form the 

new sequence {/in}^i by fin = jp~\^gQF„ 9^n- Assume that converges to jj, in 
A4.{X) for some subsequence {ui} of natural numbers. Then fi G Ai{X,G), and 
moreover 



(3.1) 



limsup^— / fp^^ dun^ < J^^ifi). 



Proof. The statement fi E Ai {X, G) is well-known. Now we show the desired in- 
equality. Fix k E N. Since Fk is a tile of G, let C„ is a tiling center of Fn relative to 
Fk, i.e., 

(3.2) y FkC D Fn and F^c n F„ ^ 0, V c G Cn, nEN. 

c&C„ 

By Lemma 3.1, for each e > 0, when n large enough, we have 

(3.3) \FkGn\ < 1(1 + e)|i^n| and |FfcC„ \ F„| < e|F„|. 
Without loss of generality, we can assume J-" is nonnegative monotone, then 

fF„a{x) < fu^^^^ F,ca{x) < ^ fF,ca{x), Wo E Ffc. 

cGC„ 

Set Qp^i^x) = J2a€Fk f^naix). Siucc G is a Abehan group, we have 

gp„ix)<-^ J2 fF,ca{x) = -^ fpM- 

Moreover, by fl3.3p . we can get 

TTn [ 9F„{x)dUn{x) < ^ / V fF,g{x)dUn{x) 

\^n\Jx \^n\\^k\ Jx „7Tr^ 



\FkCn\ 



l-^nll-^fcl Jx ' 



g&FkCn 

fFk{x)dJln{x) 



- / fFk{x)dfin{x) 

Ffcl Jx 



where fin = jf^c~\ '^geF^Cn complete the lemma, it suffices to show the 

following two claims hold. 



Claim 1. lim / \fF„{x) - 9f„{x)\ dz/„(x) = 0; 



Proof of Claim 1. Since J-" is nonnegative, monotone and sub-additive, for each 
a E Fk, 

fF^x) < fF^a{x) + fFr.\F^a{.x) < fp^x) + K ■ \Fn\ F„a|. 

By symmetry, \fF„{x) - fF„a{x)\ < K ■ \Fn A F„a|. Thus, 



IIfAx) - gpix)\ 



aeFk 
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1 



K 



a&Fk 



l-f n| JX 

This complete the proof of Claim 1. 

Claim 2. with the weak*-topology, /!„. — )■ /i. 

Proof of Claim 2. It suffices to show that for each / G C(X), 



□ 



(3.4) 

By Lemma 3.1, lim 



X 



X 



(n ^ oo) 



lim 

n— ^oo 



lim 

n—>-oo 



lim 

n—^oo 



^ lim 

ra— >oo 



/d/in 



X 



^ 5Z / /Mdz^n(a;) 
^ 5Z / /(^a;)dz/„(a;) 



\FkCn 



X 



FkCn \ Fj 



f{gx) dvn{x) 
f{gx) dunix 



X 







This complete the proof of Claim 2. 

The following lemma is well known (see [301 §9] for a proof). 
Lemma 3.7. Let ai,a2, - ■ ■ , be given real numbers. If Pi >0,i = 1, 2, 



□ 



k and 



(3.5) 

and equality holds if and only if p. 



k / ^ \ 

J2p^ («i - log Pi) < log ' 

i=l \i=l / 



TT- for alii = 1,2, - ■■ ,k. 



3.2. Proof of Theorem 1.1. In this section we give the proof of Theorem 1.1. 

Proof of Theorem 1.1 We divide the proof into three small steps: 

Step 1. P{G,J^;U) > h^{TM) + ^*{l^) for all ^^eM{X,G). 
Let 11 e M.{X,G) and {F„}nGN a F01ner sequence of G. By (12. 2p . there exists a 
finite partition {3 G V*{Up^) such that 

P^„(G,^,W) = 5^supe^-"(^). 



B6/3 
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It follows from Lemma 3.7 that 

log PfSG, J' M) = log( Vsupe^^"(^M 

> (sup/f„(x)-log^(i?)') (bydSSD) 



//^(/3) + 5^sup/^„(x)-/i(i?) 



Jx 



The proof of step 1 is complete by dividing the above by then passing the limit 
n —7- oo. 

Step 2. If (X, G) is a zero- dimensional G-system, then there exists a /i G 
M (X, G) such that 

(3.6) P{G,J^;U) <h^{G,U)+J^4fi). 

Let U = {Ui, U2, ■ ■ ■ , Ud} and define 

W = {aeVx:a = {Ai,A2,--- , Ad}, C f/^, m = 1, 2, ■ ■ ■ , 4 . 

Since X is zero- dimensional, the family of partitions in U*, which are finer than U 
and consist of clopen (close and open) sets, is countable. We let {a^jjeN denote an 
enumeration of this family. 

Let be a F01ner sequence of G with > n for each n eN. By Lemma 

3.3, for each n G N, there exists a finite subset Bn of X such that 

P^„(G,^;W) 



(3.7) ^^^"^"^ ^ 



and each atom of (q;z)f„ contains at most one point of Bn, for each / = 1, ■ ■ • , n. Let 
i^n = ^ A„(x)(5:i. and /i„ = ^ 5fz/„, 

where Xn(x) = ^ '^^^"l! r^:) for x G -Bn- Since A^(X, G) is compact we can choose 

a subsequence {ui} C N such that — )■ /i in the weak*-topology of Ai{X). It is 
easy to check /i G A^(X, G). We wish to show that /i satisfies (13.61) . By Lemma 3.5 
and the fact that 

KiG,U) = inf h^iG,P) = ini h^{G,ai), 

it is sufficient to show that for each / G N 

(3.8) PiG,T;U)<h^iG,ai)+T4fi). 
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Fix / G N. For each n > I, we know from the construction of i?„ that each atom 
of {ai)F„ contains at most one point of B^, and 

(3.9) -Xn{x)\ogXn{x) = -Un{{x})\ogiyn{{x}) = H^,^{{ai) p^) ■ 

Moreover, it follows from (13.71) . (13.91) that 

logP^„(G,^;W) - logn < log ( ^ e-f^-^^A = An(x)(/F„(x) - logA„(x)) 

\xeBn / xeBn 



xeBn 



= H^^{{ai)Fj+ / /K(a;)dz/„(x). 
Jx 

Hence, 

(3.10) logPFAG,T;U) - logn < H,„{iai)Fj + I /K(x)dz/„(x) 

Jx 

Without loss of generality, we can assume J-" is nonnegative, monotone and sub- 
additive. 

Case 1. G is Abelian group. We can assume {F„}„gN is a tiling F01ner sequence. 
Since E G F{G) i— )• Hy^{{ai) e) is a nonnegative, monotone and strongly sub-additive 
function, it follows from Lemma 3.2 that for each B G F{G), one has 



^/f.„((aOFj < ^ E + '^")j^f"'''' ■ log \ai\ 

gfzFn 

(3.11) = Y H,uA{o^i)b) + '^'^);!^f-^' ■ logci 



<^g.„(MB)+ '^")^'^f"'^' -log^. 

Set i?i = i?^^ U {cg}. Note that for each 5 > 0, F„ is (i?i, 5)-invariant if n is large 
enough and 

Fn \ Af^,b = i^n n B{G \ F„) C (Si)-iF„ n (Si)-i(G \ F„) = 5(F„, Si). 
Letting n — )■ oo, we can get 

(3.12) hm '^"}^f-^' < hm ^tf^M = q. 



n— >oo 
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Hence, combining Lemma 3.6, f l3.10p . (13. lip and fl3.12p we obtain 



I— >CXD 



< lim sup (-^H^,^^ i{ai)F„^ ) + + [ fp^^ (x) dvrn {x)] 



By arbitrary of 5 G J^(G), ([S3D holds. 

Case 2. T is strongly sub-additive. Now E G F{G) i— )■ / dz/„(x) is 

Jx 

a nonnegative monotone strongly sub-additive function. By Lemma 3.2, for each 
B G J^{G), one has 



(3.13) 



^ / dz.„(x) < E ^ / Mx) du^{x) + '^");^f"'^' ■ K 



Combining fl3A0D . ( I3TT]) . ([312]) and fl3l3l) . we have 

logP^ (G,J^;W) 



< lim sup (-^H^,^^ (("Ok^ ) + + / /k^ (x) dz/„, (a;) ) 

By arbitrary of 5 G J^(G') and (2) in Remark 2.2, ([S3D holds. 

Step 3. For G-system (X, G), there exists a. fi E M.{X, G) such that (13. 6 p holds. 
It is well known that there exists factor map vr : {Z,G) — ?■ {X,G), where {Z,G) 
is a zero-dimensional G-systems (see [T7], for example). Using Step 2, there is 
z/ G A^(Z, G) such that 

P(G, o tt; n-\U)) ^ K{G, n-'U) + (J^ o 7r),(z/). 

Let /i = 7r*(z/). By Lemma 3.4, we can get 

/i^(G,W)+ J-^/x) = inf {h^{G,a) + J^*{fi)) 

= inf (/^.(G,7r-i(a)) + (^o7r)*(z.)) 

> K{G,7T-^U) + {T0 7t)*{u) 

> P{G,To7i;n-\l{)) = P{G,T;U). 
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We will show the supremum of fll.2p can be attained in J^^{X,G). Let fi = 
^M^{XG) ^dm(6') be the ergodic decomposition of /x. Note that 6 i— t- J^^{6) is m- 

measurable and supj^^^j^q^ : x G X, F„ G J^{G)} < oo. Then, by Lebesgue's 
Dominated Convergence Theorem, 



/ 



T,{d)dm{e)= [ lim /" fF„{x)d9ix)dmie) 

JMHxn) Fn| Jx 



M<'(X,G) JM^(X,G) 

(3.14) = Urn [ -I- I fFSx)d9{x)dm{d) 



M<^{X,G) \Pn\ Jx 



lim -I- I fF„{x)dn{x) =J^^{fi). 



\Fn\ JX 



Combining Lemma 2.6, (13.141) and ( II. 2p . 

P(G,^;W) = /i^(G,W)+ J-.(/i) 

= / he{G,U)dm{e)+ [ J^,i9) dm{9) 

JM^\X,G) Jm^{X,G) 

= [ (/ie(G,W) + J-,(0)) dm(^). 

JM''(X,G) 

Hence there exists 6 G Ai'^lX, G) such that 

PiG,J^;l()<he{G,U) + J^.{e), 
which is complete the proof of Theorem 1.1. □ 

4. An Example 

In this section, we main give a nontrivial example of sub-additive potentials that 
satisfies conditions (CI), (C2) and (C3). 

Example 4.1. Let {X,G) be a G-system and M : X — )■ M"^" a nonnegative con- 
tinuous matrix function of X , i.e., M = (Mjj)^^^, where Mij are nonnegative 
continuous of X for all i, j = 1,2, ■ ■ ■ ,n. 

Now we define T = {fE}EeJ^{G) as follows: for each x E X and E G J^{G), 



fE{x) '■= min min log 

l<m<|_E| {gi)&E^ 



X{M{gix) 



i=l 



where \\M{x)\\ = J27j=i^i,ji^)- ^'^^^ show that T satisfies conditions (CI), 
(C2) and (C3) 

• fsgix) = fE^gx) for all X E X , g E G and E G J^{G); 

• /euf ^fs + fF for all E,F e J^{G) with E n F = 0; 

• Given E G J^{G) and g ^ E. Then there exists 1 < i < m < \E\ such that 

fEu{9}{x) = log \\M{g,x) ■ ■ ■ M{gix)M{gx)M{g,+,x) ■ ■ ■ M{g^x)\\. 
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Set A = M{gix) ■ ■ ■ M{gix), B = M{gx) and C = M{gi+ix) ■ ■ ■ M{g^x). Thus, 

\\AC\\ 



fE{x) - fEU{g}{x) < log 



II ASCII 



Let 



Ki^ — — ^^^V4- min mm Mi Jx). 

maXi<ij<n^8iXx£X Mij[X) l<i,j<nx£X 



Then Ki, K2 G (0, +cxd) and M{x) — ^EM{x) is a nonnegative matrix, where 
E = {Ei^j), Eij = 1. Hence, 



\\ABC\\ > 



> 



A— EEC 
n 

V n 



= ^\\A\\ \\BC\\ 



> [-r] PIIP^c||=(^ 



B 



which follows that 



n'K4A\\\\C\\ = K!K,\\A\\\\Cl 

AC\ 



< 



\\ABC\\ - KfK2 



< 00. 
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